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EXTENDED DEGENERATE STIRLING NUMBERS OF THE
SECOND KIND AND EXTENDED DEGENERATE BELL
POLYNOMIALS
TAEKYUN KIM AND DAE SAN KIM
Abstract. In a recent work, the degenerate Stirling polynomials of the
second kind were studied by T. Kim. In this paper, we investigate the
extended degenerate Stirling numbers of the second kind and the extended
degenerate Bell polynomials associated with them. As results, we give
some expressions, identities and properties about the extended degener-
ate Stirling numbers of the second kind and the extended degenerate Bell
polynomials.
1. Introduction
As is well known, the Stirling numbers of the first kind are defined by the
falling factorial sequence as
(x)n =
n∑
k=0
S1(n, k)x
k, (n ≥ 0), (see [1− 16]), (1.1)
where (x)0 = 1, (x)n = x(x − 1) · · · (x − n+ 1), (n ≥ 1). The Stirling numbers
of the second kind are defined by the generating function
1
k!
(et − 1)k =
∞∑
n=k
S2(n, k)
tn
n!
, (see [1− 16]). (1.2)
From (1.2), we note that
xn =
n∑
k=0
S2(n, k)(x)k, (n ≥ 0), (see [6− 8, 11, 12]). (1.3)
In [2,3], L. Carlitz introduced the degenerate Stirling, Bernoulli and Eulerian
numbers. With the viewpoint of generalizing Stirling numbers, the r-Stirling
numbers of the first kind and of the second kind were introduced by Broder (see
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[1]). It is known that the r-Stirling numbers of the second kind are given by the
generating function
ert
1
k!
(et − 1)k =
∞∑
n=0
S2,r(n+ r, k + r)
tn
n!
, (see [8]). (1.4)
The Bell polynomials are defined by
Beln(x) =
n∑
k=0
S2(n, k)x
k, (see [1, 8]). (1.5)
Thus, by (1.2) and (1.5), we get
ex(e
t
−1) =
∞∑
n=0
Beln(x)
tn
n!
, (see [11]). (1.6)
When x = 1, Beln = Beln(1), (n ≥ 0), are called the Bell numbers.
In [2], L. Carlitz introduced the degenerate factorial sequences given by
(x|λ)0 = 1, (x|λ)n = x(x− λ)(x − 2λ) · · · (x− (n− 1)λ), (n ≥ 1), (1.7)
where λ ∈ R. Note that limλ→0(x|λ)n = x
n and limλ→1(x|λ)n = (x)n, (n ≥ 0).
Recently, the degenerate Stirling numbers of the second kind are defined by
the generating function
1
k!
((1 + λt)
1
λ − 1)k =
∞∑
n=k
S2,λ(n, k)
tn
n!
, (1.8)
where k ∈ N ∪ {0} and λ ∈ R (see [8]). Note that limλ→0 S2,λ(n, k) = S2(n, k),
(n, k ≥ 0).
In [11], Kim-Kim-Dolgy introduced the degenerate Bell polynomials asso-
ciated with the degenerate Stirling numbers of the second kind given by the
generating function
ex((1+λt)
1
λ−1) =
∞∑
n=0
Beln,λ(x)
tn
n!
. (1.9)
where x = 1, Beln,λ = Beln,λ(1) are called the degenerate Bell numbers.
From (1.9), we have
Beln,λ(x) =
1
ex
∞∑
k=0
1
k!
(k|λ)nx
k, (n ≥ 0), (1.10)
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Beln,λ(x) = x
n∑
k=1
k∑
j=1
(
k − 1
j − 1
)
S1(n, k)λ
n−kBelj−1(x), (1.11)
and
Beln,λ(x) =
n∑
k=0
k∑
m=0
S2(k,m)S1(n, k)λ
n−kxm, (see [11]). (1.12)
In this paper, we investigate the extended degenerate Stirling numbers of
the second kind and the extended degenerate Bell polynomials associated with
them. As results, we give some expressions, identities and properties about
the extended degenerate Stirling numbers of the second kind and the extended
degenerate Bell polynomials.
2. Extended degenerate Stirling numbers of the second kind and
extended degenerate Bell polynomials
Throughout this section, we assume that λ ∈ R.
From (1.3), we note that
∞∑
n=0
Beln,λ(x)
tn
n!
=
∞∑
k=0
xk
1
k!
((1 + λt)
1
λ − 1)k
=
∞∑
k=0
xk
∞∑
n=k
S2,λ(n, k)
tn
n!
=
∞∑
n=0
(
n∑
k=0
xkS2,λ(n, k)
)
tn
n!
.
(2.1)
By comparing the coefficients on both sides of (2.1), we get
Beln,λ(x) =
n∑
k=0
xkS2,λ(n, k), (n ≥ 0).
For r ∈ N ∪ {0}, we define the extended degenerate Stirling numbers of the
second kind as
1
k!
(1 + λt)
r
λ ((1 + λt)
1
λ − 1)k =
∞∑
n=k
S2,r(n+ r, k + r|λ)
tn
n!
. (2.2)
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From (2.2), we note that
1
k!
((1 + λt)
1
λ − 1)k(1 + λt)
r
λ =
(
∞∑
l=k
S2,λ(l, k)
tl
l!
)(
∞∑
m=0
( r
λ
)m (log(1 + λt)m
m!
)
=
(
∞∑
l=k
S2,λ(l, k)
tl
l!
)(
∞∑
m=0
rmλ−m
∞∑
i=m
S1(i,m)λ
i t
i
i!
)
=
(
∞∑
l=k
S2,λ(l, k)
tl
l!
)(
∞∑
i=0
(
i∑
m=0
rmλi−mS1(i,m)
)
ti
i!
)
=
∞∑
n=k
(
n∑
l=k
n−l∑
m=0
(
n
l
)
rmλn−m−lS1(n− l,m)S2,λ(l, k)
)
tn
n!
(2.3)
Therefore, by (2.2) and (2.3), we obtain the following theorem.
Theorem 2.1. For n, k ∈ N ∪ {0} with n ≥ k, we have
S2,r(n+ r, k + r|λ) =
n∑
l=k
n−l∑
m=0
(
n
l
)
rmλn−m−lS1(n− l,m)S2,λ(l, k).
Note that
lim
λ→0
S2,r(n+ r, k + r|λ) =
n∑
l=k
(
n
l
)
rn−l lim
λ→0
S2,λ(l, k)
=
n∑
l=k
(
n
l
)
rn−lS2(l, k) = S2,r(n+ r, k + r).
On the other hand,
1
k!
(1 + λt)
r
λ ((1 + λt)
1
λ − 1)k =
1
k!
((1 + λt)
1
λ − 1 + 1)r(1 + λt)
1
λ − 1)k
=
1
k!
∞∑
m=0
(
r
m
)
((1 + λt)
1
λ − 1)m+k =
∞∑
m=0
(
r
m
)
(m+ k)!
k!
·
1
(m+ k)!
((1 + λt)
1
λ − 1)m+k
=
∞∑
m=0
(
r
m
)
m!
(
m+ k
m
) ∞∑
n=m+k
S2,λ(n,m+ k)
tn
n!
=
∞∑
n=k
(
n−k∑
m=0
(
r
m
)
m!
(
m+ k
m
)
S2,λ(n,m+ k)
)
tn
n!
(2.4)
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Thus, by (2.2) and (2.4), we get
S2,r(n+ r, k + r|λ) =
n−k∑
m=0
(
m+ k
m
)(
r
m
)
m!S2,λ(n,m+ k), (2.5)
where n, k ≥ 0 with n ≥ k.
Now, we observe that
(1 + λt)
x+r
λ = (1 + λt)
r
λ (1 + λt)
x
λ = (1 + λt)
r
λ ((1 + λt)
1
λ − 1 + 1)x
= (1 + λt)
r
λ
∞∑
k=0
(x)k
1
k!
((1 + λt)
1
λ − 1)k
=
∞∑
k=0
(x)k
1
k!
((1 + λt)
1
λ − 1)k(1 + λt)
r
λ
=
∞∑
k=0
(x)k
∞∑
n=k
S2,r(n+ r, k + r|λ)
tn
n!
=
∞∑
n=0
(
n∑
k=0
(x)kS2,r(n+ r, k + r|λ)
)
tn
n!
,
(2.6)
and
(1 + λt)
x+r
λ =
∞∑
n=0
(
x+ r
λ
)
n
λn
tn
n!
=
∞∑
n=0
(x + r|λ)n
tn
n!
. (2.7)
On the other hand,
(1 + λt)
x+r
λ = e
x+r
λ
log(1+λt) =
∞∑
k=0
(
x+ r
λ
)k
1
k!
(log(1 + λt))k
=
∞∑
k=0
(x + r)kλ−k
∞∑
n=k
S1(n, k)λ
n t
n
n!
=
∞∑
n=0
(
n∑
k=0
λn−k(x+ r)kS1(n, k)
)
tn
n!
.
(2.8)
Therefore, by (2.6),(2.7) and (2.8), we obtain the following theorem.
Theorem 2.2. For n ≥ 0, we have
(x + r|λ)n =
n∑
k=0
S2,r(n+ r, k + r|λ)(x)k
=
n∑
k=0
λn−kS1(n, k)(x+ r)
k.
6 Extended degenerate Stirling numbers of the second kind and Bell polynomials
In particular,
S2,r(n+ r, k + r|λ) =
n−k∑
m=0
(
m+ k
m
)(
r
m
)
m!S2,λ(n,m+ k),
where n, k ≥ 0 with n ≥ k.
In view of (1.6), we define the extended degenerate Bell polynomials asso-
ciated with the extended degenerate Stirling numbers of the second kind as
follows:
(1 + λt)
r
λ ex((1+λt)
1
λ−1) =
∞∑
n=0
Bel
(r)
n,λ(x)
tn
n!
. (2.9)
From (2.9), we note that
(1 + λt)
r
λ ex((1+λt)
1
λ−1) =
∞∑
k=0
xk
1
k!
((1 + λt)
1
λ − 1)k(1 + λt)
r
λ
=
∞∑
k=0
xk
∞∑
n=k
S2,r(n+ r, k + r|λ)
tn
n!
=
∞∑
n=0
(
n∑
k=0
xkS2,r(n+ r, k + r|λ)
)
tn
n!
.
(2.10)
Therefore, by (2.9) and (2.10), we obtain the following theorem.
Theorem 2.3. For n ≥ 0, we have
Bel
(r)
n,λ(x) =
n∑
k=0
xkS2,r(n+ r, k + r|λ)
=
n∑
k=0
(
n∑
m=k
n−m∑
l=0
rlλn−m−lS1(n−m, l)S2,λ(m, k)
(
n
m
))
xk.
Remark. When x = 1, Bel
(r)
n,λ = Bel
(r)
n,λ(1) are called the extended degenerate
Bell numbers associated with the extended degenerate Stirling numbers of the
second kind.
Bel
(r)
n,λ =
n∑
k=0
S2,r(n+ r, k + r|λ)
=
n∑
k=0
n∑
m=k
n−m∑
l=0
(
n
m
)
rlλn−m−lS1(n−m, l)S2,λ(m, k).
From (2.2), we note that
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1
k!
(1 + λt)
r
λ ((1 + λt)
1
λ − 1)k =
1
k!
k∑
l=0
(
k
l
)
(−1)k−l(1 + λt)
l+r
λ
=
1
k!
k∑
l=0
(
k
l
)
(−1)k−le
l+r
λ
log(1+λt)
=
1
k!
k∑
l=0
(
k
l
)
(−1)k−l
∞∑
m=0
(
l + r
λ
)m
(log(1 + λt))m
m!
=
1
k!
k∑
l=0
(
k
l
)
(−1)k−l
∞∑
m=0
λ−m(l + r)m
∞∑
n=m
S1(n,m)λ
n t
n
n!
=
1
k!
∞∑
l=0
(
k
l
)
(−1)k−l
∞∑
n=0
n∑
m=0
λn−m(l + r)mS1(n,m)
tn
n!
=
∞∑
n=0
{
1
k!
n∑
m=0
λn−mS1(n,m)
k∑
l=0
(
k
l
)
(−1)k−l(l + r)m
}
tn
n!
=
∞∑
n=0
{
1
k!
n∑
m=0
λn−mS1(n,m)∆
krm
}
tn
n!
,
(2.11)
where ∆f(x) = f(x+ 1)− f(x).
Therefore, by (2.2) and (2.11), we obtain the following theorem.
Theorem 2.4. For n, k ≥ 0, we have
1
k!
n∑
m=0
λn−mS1(n,m)∆
krm =
{
0 if n < k
S2,r(n+ r, k + r|λ) if n ≥ k.
From Theorem 2.3 and Theorem 2.4, we have
Bel
(r)
n,λ(x) =
n∑
k=0
xk
1
k!
n∑
m=0
λn−mS1(n,m)∆
krm
=
n∑
m=0
λn−mS1(n,m)
n∑
k=0
xk
1
k!
∆krm.
(2.12)
By (2.9), we get
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∞∑
n=0
Bel
(r)
n,λ(x)
tn
n!
= (1 + λt)
r
λ ex((1+λt)
1
λ−1)
=
(
∞∑
l=0
Bell,λ(x)
tl
l!
)(
∞∑
m=0
λ−mrm
1
m!
(log(1 + λt))m
)
=
(
∞∑
l=0
Bell,λ(x)
tl
l!
)(
∞∑
k=0
(
k∑
m=0
λk−mrmS1(k,m)
)
tk
k!
)
=
∞∑
n=0
(
n∑
k=0
k∑
m=0
(
n
k
)
Beln−k,λ(x)λ
k−mrmS1(k,m)
)
tn
n!
.
(2.13)
Therefore, by comparing the coefficients on both sides of (2.13), we obtain
the following theorem.
Theorem 2.5. For n ≥ 0, we have
Bel
(r)
n,λ(x) =
n∑
k=0
k∑
m=0
(
n
k
)
Beln−k,λ(x)λ
k−mrmS1(k,m).
From (2.9), we have
∞∑
n=0
Bel
(r)
n,λ(x)
tn
n!
= (1 + λt)
r
λ ex((1+λt)
1
λ−1)
= e−x
∞∑
k=0
xk
k!
(1 + λt)
k+r
λ
= e−x
∞∑
k=0
xk
k!
∞∑
m=0
(
k + r
λ
)m
1
m!
(log(1 + λt))m
= e−x
∞∑
k=0
xk
k!
∞∑
n=0
(
n∑
m=0
λn−m(k + r)mS1(n,m)
)
tn
n!
= e−x
∞∑
n=0
(
n∑
m=0
λn−mS1(n,m)
∞∑
k=0
xk
k!
(k + r)m
)
tn
n!
.
(2.14)
Comparing the coefficients on both sides of (2.14), we have
Bel
(r)
n,λ(x) = e
−x
n∑
m=0
λn−mS1(n,m)
∞∑
k=0
xk
k!
(k + r)m, (2.15)
where n ≥ 0.
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From (2.2), we have
1
m!
(1 + λt)
r
λ ((1 + λt)
1
λ − 1)m
1
k!
((1 + λt)
1
λ − 1)k
=
1
m!k!
(1 + λt)
r
λ ((1 + λt)
1
λ − 1)m+k =
(m+ k)!
m!k!
(1 + λt)
r
λ
((1 + λt)
1
λ − 1)m+k
(m+ k)!
=
(
m+ k
m
) ∞∑
n=m+k
S2,r(n+ r,m+ k + r|λ)
tn
n!
.
(2.16)
On the other hand,
1
m!
(1 + λt)
r
λ ((1 + λt)
1
λ − 1)m
1
k!
((1 + λt)
1
λ − 1)k
=
(
∞∑
l=m
S2,r(l + r,m+ r|λ)
tl
l!
) ∞∑
j=k
S2,λ(j, k)
tj
j!


=
∞∑
n=k+m
(
n−k∑
l=m
(
n
l
)
S2,r(l + r,m+ r|λ)S2,λ(n− l, k)
)
tn
n!
(2.17)
Therefore, by (2.16) and (2.17), we obtain the following theorem.
Theorem 2.6. For n,m, k ≥ 0 with n ≥ m+ k, we have(
m+ k
m
)
S2,r(n+ r,m+ k + r|λ) =
n−k∑
l=m
(
n
l
)
S2,r(l + r,m+ r|λ)S2,λ(n− l, k).
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